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Abstract
We investigate the viable exponential f(R) gravity in the metric formalism with f(R) =
−βRs(1 − e−R/Rs). The latest sample of the Hubble parameter measurements with 23 data
points is used to place bounds on this f(R) model. A joint analysis is also performed with the
luminosity distances of Type Ia supernovae and baryon acoustic oscillations in the clustering
of galaxies, and the shift parameters from the cosmic microwave background measurements,
which leads to 0.240 < Ω0m < 0.296 and β > 1.47 at 1σ confidence level. The evolutions of
the deceleration parameter q(z) and the effective equations of state ωeffde (z) and ω
eff
tot (z) are
displayed. By taking the best-fit parameters as prior values, we work out the transition redshift
(deceleration/acceleration) zT to be about 0.77. It turns out that the recent observations are
still unable to distinguish the background dynamics in the ΛCDM and exponential f(R) models.
PACS numbers: 95.36.+x, 98.80.-k, 04.50.Kd
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I. INTRODUCTION
It is one of the most significant problems in cosmology to understand the physical
mechanism behind the late-time acceleration of the Universe [1, 2]. A number of scenarios
have been proposed to account for this phenomenon [3–5]. In general, these fall into two
categories: (i) the existence of an exotic form of energy with negative pressure, dubbed
as “dark energy”, corresponding to a modification of the energy-momentum tensor in
Einstein equations; and (ii) a modification of gravity, such as f(R) gravity models with
f(R) representing an arbitrary function of the Ricci scalar R. The Λ-Cold Dark Matter
(ΛCDM) model is the simplest candidate of dark energy and fits a number of observational
data well, which is referred to as the standard model of Big Bang cosmology. However,
this model cannot explain the origin of the inflation [6, 7] or the nature of dark energy by
itself, and is also embarrassed by the well known cosmological constant problems [8, 9],
known as “coincidence” and “fine-tuning” problems. The Lagrangian density for ΛCDM
is given by f(R) = −2Λ, where Λ is the cosmological constant.
At present, the cosmological observations cannot distinguish between dark energy and
modified gravity models. An important reason for the interest on the modified gravity
theories is that the late-time acceleration of the Universe can be realized without recourse
to an explicit dark energy matter component [10–12], while f(R) gravity is one of the
popular and simplest modifications to general relativity (GR) [13–15]. There are two
approaches to derive field equations from the action in f(R) gravity, i.e., the metric
and Palatini formalisms. In GR, the two approaches provide identical field equations.
However, they give rise to different field equations for the f(R) models with non-linear
forms of the Lagrangian density. It is pointed out that the Palatini f(R) gravity appears to
be in conflict with the Standard Model of particle physics [13]. Given this, the metric f(R)
gravity is preferred. The viability of f(R) gravity is examined with various criteria [16],
such as the local gravity constraints, the presence of the matter-dominated epoch, the
stability of cosmological perturbations, the stability of the late-time de Sitter point, and
avoiding anti-gravity.
The exponential f(R) gravity theory in the metric formalism is one of the viable models,
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which contains only one more parameter than the ΛCDM model and has been broadly
studied in the literature [17–30]. In this work, we investigate the constraints on this
model from the latest measurement on the Hubble parameter H(z). In addition, several
other popular probes are also associated in the joint analysis, including the distance
measurements of baryon acoustic oscillations (BAO) from 6dFGS, WiggleZ and SDSS
III Data Release 11 (DR11) and Type Ia supernovae (SNe Ia) from the SCP Union2
compilation, as well as the cosmic microwave background (CMB) measurements of the
shift parameters from Planck and WMAP-9. The dynamical features of the model are
also analyzed, such as the evolutions of the effective equations of state (EoS) ωeffde and
ωefftot , and the deceleration parameter q(z). Note that the data on H(z) were not employed
in the previous study of the exponential gravity in Ref. [25].
The paper is organized as follows. In Sec. II, we review the exponential f(R) gravity
model. In Sec. III, we examine constraints on the model from different observational
samples, particularly the latest H(z) sample, along with the recent BAO, SNe Ia and
CMB data sets. In Sec. IV, we analyze the results of observational constraints and discuss
several noticeable problems. Finally, we present our main conclusions in Sec. V.
II. EXPONENTIAL f(R) GRAVITY IN THE METRIC FORMALISM
In f(R) gravity, the 4-dimensional action is given by
S =
1
2κ2
∫
d4x
√−g[R + f(R)] + Sm, (1)
where κ2 = 8piG, f(R) is a general function of the Ricci scalar R, and Sm is the matter
action. In this work, we study on an exponential f(R) model in the metric formalism [17,
23] with
f(R) = −βRs(1− e−R/Rs), (2)
where Rs is a characteristic curvature scale and the combination βRs can be determined by
the present matter density Ω0m. We take (Ω
0
m, β) as the free-parameter pair in this model.
As pointed out in Ref. [17], there is no valid attractor solution for β < 1 because this
would require R < 0. Given this, the prior β ≥ 1 is taken in our calculation. Throughout
this paper, a subscript 0 denotes the evaluation at the present time.
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Based on the action given by Eq. (1), one can obtain the modified Friedmann equation
of motion [31]
H2 =
κ2ρm
3
+
1
6
(fRR− f)−H2(fR + fRRR′), (3)
where H ≡ a˙/a is the Hubble parameter, a is the cosmic scale factor, and ρm is the energy
density of matter including both cold dark and baryonic matters. In this study, we use a
dot for the derivative with respect to the cosmic time t, a prime for d/d ln a, fR ≡ ∂f/∂R,
and fRR ≡ ∂2f/∂R2. We consider the flat FLRW spacetime with the metric (−,+,+,+),
in which the Ricci scalar is given by
R = 12H2 + 3(H2)′. (4)
Following Refs. [25, 32], we define
yH ≡
H2
m2
− a−3, yR ≡
R
m2
− 3a−3, (5)
where m2 ≡ κ2ρ0m with ρ0m the present matter density. With Eqs. (3) and (5), one can
get a second order differential equation of yH ,
y′′H + J1y
′
H + J2yH + J3 = 0, (6)
where
J1 = 4−
1
yH + a−3
fR
6m2fRR
,
J2 = −
1
yH + a−3
fR − 1
3m2fRR
,
J3 = −3a−3 +
fRa
−3 + f/3m2
yH + a−3
1
6m2fRR
, (7)
with
R = m2
[
3 (y′H + 4yH) + 3a
−3
]
. (8)
The evolution of the Hubble parameter can be obtained by solving Eq. (6) numerically.
We note that it is very difficult to find the true solutions of Eq. (6) when the exponential
f(R) model behaves essentially like the ΛCDM model (i.e., e−R/Rs < 10−5) in the high
4
redshift regime. As a result, the evolution of the Hubble parameter in this high-z regime
can be computed with the following equation,
H(z) = H0
√
Ω0m (1 + z)
3 + Ω0r (1 + z)
4 +
βRS
6H20
, (9)
where ΩΛ = βRs/6H
2
0
∼= Ω0myH(zhigh) is the dark energy density, and Ω0r is the energy
density parameter of radiation which should not be neglected. In the latter analysis, we
employ the prior, i.e., Ω0r/Ω
0
m = 1/(1 + zeq) ≈ 2.9 × 10−4, based on the Planck 2013
results [33].
Treating the modified terms in the Friedmann equation of Eq. (3) as an effective
dark energy density, one can define ρeffde ≡ 3H2/κ2 − ρm and Ωeffde ≡ ρeffde /(3H2/κ2) =
yH/(yH + a
−3). Furthermore, we write the effective dark energy EoS, ωeffde , based on the
effective conservation equation, ρ˙effde + 3H(1 + ω
eff
de )ρ
eff
de = 0, to be
weffde = −1−
y′H
3yH
. (10)
Analogously, one can also define the total effective EoS, ωefftot in terms of ρ˙
eff
tot + 3H(1 +
ωefftot )ρ
eff
tot = 0 and ρ
eff
tot = ρm + ρ
eff
de , i.e.,
wefftot = −1 −
y′H − 3a−3
3(yH + a−3)
. (11)
According to the definitions of the deceleration parameter q ≡ −(a¨a)/a˙2 and the Hubble
parameter H ≡ a˙/a, one obtains
q(z) =
1
2
− y
′
H + 3yH
2(yH + a−3)
. (12)
III. CONSTRAINTS FROM RECENT OBSERVATIONAL DATA SETS
In this section, we place limits on the p = (Ω0m, β) parameter space with the recent
observational data sets to update the results in Ref. [25], in which the latest sample
of the H(z) measurements was not employed. To break possible degeneracies in the
Ω0m – β plane, we also perform a joint analysis involving the BAO measurements from
SDSS III, 6dFGS and WiggleZ surveys, the Union2 SNe Ia sample, and the CMB shift
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parameters from the Planck and WMAP-9. In our analysis, we add a Gaussian prior on
the Hubble constant, H0 = 73.8 ± 2.4 km s−1 Mpc−1, from the Hubble Space Telescope
(HST) observations [34].
A. The latest Hubble parameter measurements
The recent Hubble parameter measurements are proved to be very powerful in con-
straining the cosmological parameters [35, 36]. The latest H(z) sample listed in Ref. [36]
includes 23 measurements obtained with the differential age (“DA” for short) [37–41]
method and 7 ones with the clustering of galaxies or quasars [42–46]. Since the H(z) mea-
surements from the clustering are correlated with the BAO data introduced in Sec. III B,
to keep the independence we just employ the 23 H(z) measurements with the DA method
in our analysis. The sample contains measurements of Hobs(zi) at redshifts zi with the
corresponding one-standard deviations σH,i. Utilizing these H(z) data, it is straightfor-
ward to put constraints on the model parameters by calculating the corresponding χ2,
given by
χ2H(p, H0) =
23∑
i=1
[Hth,i(p, H0; zi)−Hobs(zi)]
σ2H,i
, (13)
where Hth,i(p, H0; zi) can be computed with Eq. (6). By marginalizing over the nuisance
parameter H0 with the HST prior H0 = 73.8 ± 2.4 km s−1 Mpc−1, we get the modified
χ2H(p) with the methodology described in Ref. [36]. The upper-left panel of Fig. 1 shows
the constraints from the H(z) data at 1, 2 and 3σ confidence levels, corresponding to the
sets of cosmological parameters (centered on the best-fit parameter values p*) bounded by
χ2H(p) = χ
2
H(p*)+2.3, χ
2
H(p) = χ
2
H(p*)+6.17, and χ
2
H(p) = χ
2
H(p*)+11.8, respectively.
B. Other data combinations
Besides the Hubble parameter measurements, we also consider the following cosmo-
logical probes: (i) the measurements of BAO in the galaxy distribution; (ii) the distance
moduli of SNe Ia; and (iii) the CMB shift parameters.
The baryon acoustic oscillations in the primordial plasma have striking effects on the
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FIG. 1: Contours correspond to 1, 2 and 3σ confidence levels in the (Ω0m, β) plane constrained
from the H(z) data (Upper-left); BAO measurements (Upper-right); SNe Ia data with and
without systematic errors (Lower-left); and CMB shift parameters (Lower-right).
anisotropies of CMB and the large scale structure (LSS) of matter. The distance-redshift
measurements of BAO are distilled from the power spectrum of galaxies and calibrated
by the CMB anisotropy data. It is common to report the BAO distance constraints as a
combination of the angular diameter distance, DA(z), and the Hubble parameter, H(z),
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i.e.,
A(z) ≡ H0
√
Ω0mDV (z)
cz
, (14)
or
dz ≡ rs(zd)/DV (z), (15)
where DV (z) is the volume-averaged distance defined as DV (z) ≡ [(1 +
z)2D2A(z)cz/H(z)]
1/3 [47], and rs(zd) is the comoving sound horizon at the drag epoch
zd. For details on the definition and estimation of zd and rs(zd), see Refs. [25, 48]. The
BAO distance measurements employed in this paper are listed below: (i) dz(z = 0.106) =
0.336 ± 0.015 from the 6dFGS reported by Beutler et al. in Ref. [49]; (ii) three corre-
lated measurements of A(z = 0.44) = 0.474 ± 0.034, A(z = 0.6) = 0.442 ± 0.020 and
A(z = 0.73) = 0.424± 0.021 from the WiggleZ survey with the inverse covariance matrix
listed in Table 2 of Blake et al. in Ref. [50]; and (iii) dz(z = 0.32) = 0.1181± 0.0023 from
LOWZ and dz(z = 0.57) = 0.0726± 0.0007 from CMASS of SDSS-III DR11 galaxy sam-
ples reported by Anderson et al. in Ref. [51]. The upper-right panel of Fig. 1 illustrates
the constraints from these BAO data at 1, 2 and 3σ confidence levels.
The first direct evidence for the cosmic acceleration came from SNe Ia observations [1,
2]. Here, we use the Supernova Cosmology Project (SCP) Union2 compilation of 557 SNe
Ia (covering a redshift range 0.015 ≤ z ≤ 1.4) [52]. Cosmological constraints from the SNe
Ia data are obtained by using the distance modulus µ(z) with its theoretical (predicted)
value
µth(z;p, µ0) = 5 log10[DL(z;p)] + µ0, (16)
where µ0 = 42.38− 5 log10 h and the Hubble-free luminosity distance is given by
DL(z;p) =
H0
c
dL = (1 + z)
∫ z
0
dz′
E(z′;p)
. (17)
The best-fit values of cosmological model parameters can be determined by minimizing
the χ2 function
χ2SNe(p, µ0) =
557∑
i,j=1
[µth,i(zi;p, µ0)− µobs,i(zi)]Cov−1ij [µth,j(zj ;p, µ0)− µobs,j(zj)], (18)
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where the nuisance parameter µ0 can be marginalized over analytically [53]. The modified
χ2SNe(p) is often used in the analysis, i.e.,
χ2SNe(p) = A−
B2
C
, (19)
with
A =
557∑
i,j=1
[µth,i(zi;p, µ0 = 0)− µobs,i(zi)]Cov−1ij [µth,j(zj ;p, µ0 = 0)− µobs,j(zj)],
B =
557∑
i,j=1
Cov−1ij [µth,j(zj ;p, µ0 = 0)− µobs,j(zj)],
C =
557∑
i,j=1
Cov−1ij , (20)
where Cov−1ij is the inverse of the covariance matrix, which can be found from the website
1.
The results from the SNe Ia sample with and without systematic errors are both displayed
in the lower-left panel of Fig. 1.
The CMB regarded as the afterglow of the Big Bang can supply us with some infor-
mation of the very early Universe. In addition, the positions of the CMB acoustic peaks
contain the information of the cosmic expansion history. The likelihood of the acoustic
scale la and the shift parameter R extracted from the CMB angular power spectrum can
allow one to constrain the cosmological parameters [54, 55], where la determines the av-
erage acoustic peak structure and R corresponds to the overall amplitude of the acoustic
peaks, given by
lA(z∗) ≡ (1 + z∗)
piDA(z∗)
rs(z∗)
, (21)
and
R(z∗) ≡
√
Ω0mH0(1 + z∗)DA(z∗), (22)
respectively. Here, rs(z∗) is the comoving sound horizon at the photon-decoupling
epoch [56], and the redshift to the photon-decoupling surface z∗ is given by the fitting
1 http://supernova.lbl.gov/Union
9
formula [57]
z∗ = 1048
[
1 + 0.00124(Ω0bh
2)−0.738
] [
1 + g1(Ω
0
mh
2)g2
]
, (23)
where
g1 =
0.0783(Ω0bh
2)−0.238
1 + 39.5(Ω0bh
2)0.763
, g2 =
0.560
1 + 21.1(Ω0bh
2)1.81
. (24)
Based on the Planck temperature data combined with the Plank lensing as well as the
WMAP polarization at low multipoles (l 6 23), the mean values and the covariance
matrix of (la, R,Ω
0
bh
2, ns) are obtained in Ref. [58]. In our case, we just utilize the mea-
surements of (la, R,Ω
0
bh
2), where the mean values and covariance matrix are determined
with Eqs. (12), (13) and (16) in Ref. [58], i.e., la(z∗) = 301.37, R(z∗) = 1.7407 and
Ω0bh
2 = 0.02228 with the inverse covariance matrix
C−1CMB =


43.0180 −366.7718 2972.5
−366.7718 24873.0 4.4650× 105
2972.5 4.4650× 105 2.1555× 107

 . (25)
The CMB data are included by adding the following χ2CMB,
χ2CMB =
3∑
i=1
(pthi − pobsi )(C−1CMB)ij(pthj − pobsj ), (26)
where p1 = la(z∗), p2 = R(z∗) and p3 = Ω
0
bh
2. The constraints on the p = (Ω0m, β) from
the CMB data are presented in the lower-right panel of Fig. 1.
IV. ANALYSIS AND DISCUSSION
From Fig. 1, we see that the current Hubble parameter measurements alone can con-
strain the parameters (Ω0m, β) significantly. In addition, the constraints from the BAO
and SNe Ia measurements are also restrictive, whereas those from the CMB data are not
so tight. In Fig. 2, we show the joint analyses of the H(z) data with the BAO, CMB
and SNe Ia with (without) systematic errors. Given the complementarity of these data
sets, we obtain a considerable enhancement of the constraining power over (Ω0m, β) from
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the combined fits. Note that the top sides of the three contours are not closed as we
cannot get the upper limit for β. For a general illustration, in the joint analysis with the
systematic errors of the SNe Ia data, we work out χ2β→∞ = 563.58 with the best-fit value
Ω0m = 0.266. Obviously, ∆χ
2 = χ2β→∞ − χ2min = 0.01 is smaller than ∆χ21σ(n = 2) = 2.30
where n is the number of the parameters in the model, which implies that β →∞ is still
inside the 1σ contour. Basically, the absence of the upper limit for β originates from the
evolution of the Ricci scalar R with respect to z. We remark that R is sensitive (insensi-
tive) to the value of β when it is small (large). Furthermore, the best-fit value of β lies
in the range where R is insensitive to β, so that the upper limit of β is absent.
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FIG. 2: Contours correspond to 1, 2 and 3σ confidence levels in the (Ω0m, β) plane constrained
from joint samples of the CMB and H(z), BAO, SNe Ia data without (left) and with (right)
systematic errors, respectively.
The bounces on (Ω0m, β) from different data sets are summarized in Table I. Comparing
the results in Table I of this paper with those in Table 1 of [25], we can see that the best-
fit values of Ω0m and β at 1 σ confidence interval are consistent. However, it is clear that
the constraint on the f(R) model from the H(z) sample is very restrictive. In particular,
the H(z) data alone leads to β around 6, resulting in that the exponential gravity is
practically undistinguishable from the ΛCDM.
Currently, since the systematic errors in the SNe Ia data are comparable with the
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TABLE I: Results constrained from different data sets including bounds on the parameters Ω0m
and β at 1σ confidence interval and the values of χ2min, where d.o.f denotes the degree of freedom
and +null represents the absence of the upper limit for β.
Sample Ω0m β χ
2
min/d.o.f
H(z) Ω0m = 0.235
+0.059
−0.052 β = 6.13
+null
−5.13 24.44/23
BAO Ω0m = 0.277
+0.043
−0.039 β = 4.62
+null
−3.57 7.51/6
H(z)+BAO+CMB+SNe Ia (no σsys) Ω
0
m = 0.267
+0.023
−0.022 β = 4.65
+null
−3.11 575.52/587
H(z)+BAO+CMB+SNe Ia (with σsys) Ω
0
m = 0.266
+0.030
−0.026 β = 4.65
+null
−3.18 563.57/587
statistical errors, they should be considered seriously. In our following analysis, we employ
the results from the joint analysis including the effect of SNe Ia systematic errors. With
the best-fit values of the parameters from the joint analysis of H(z), BAO, CMB and
SNe Ia with σsys, i.e., (Ω
0
m, β) = (0.266, 4.65), we numerically compute the evolutions of
q(z), ωeffde and ω
eff
tot , which are shown in Fig. 3. To make a comparison, the evolutions
of q(z), ωeffde and ω
eff
tot in the flat ΛCDM model with the best-fit value Ω
0
m = 0.28 are
also displayed in Fig. 3. The Hubble diagram for the Union2 compilation of SNe Ia is
presented in Fig. 4 with the best-fit cosmologies for the flat ΛCDM and exponential f(R)
models. It turns out that the current observational data still cannot distinguish between
the ΛCDM and exponential f(R) models, at least for the interval of parameters Ω0m and
β given by our statistical analysis. The transition redshift zT , at which the expansion
underwent the transition from deceleration to acceleration, is obtained by solving the
equation q(z = zT ) = 0 or ω
eff
tot (z = zT ) = −1/3. We work out zT ≈ 0.77 as marked in
Fig. 3, that is in good accordance with the results from the literature [59, 60].
V. CONCLUSIONS
We have concentrated on the viable exponential f(R) model with f(R) = −βRs(1 −
e−R/Rs). In this model, when β → ∞, it is reduced to the corresponding ΛCDM model.
The equations of motion are derived in terms of the metric approach. We have followed
12
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FIG. 3: Evolutions of q(z) (left), ωeffde and ω
eff
tot (right) for the flat ΛCDM and exponential
f(R) models with best-fit values of corresponding parameters.
the parametrization in Refs. [25, 32] to study the dynamics numerically. The current
Hubble parameter measurements alone can constrain significantly the model parameters
Ω0m and β, while more restrictive bounds on the parameters have been found by combining
the Hubble parameter data with those from SNe Ia, BAO and CMB. Explicitly, at 1σ
c.l. for the joint analysis of the H(z), BAO, CMB and SNe Ia with σsys data, we have
obtained the intervals 0.240 < Ω0m < 0.296 and 1.47 < β < +null. The range of Ω
0
m
is consistent with the current observations. The absence of the upper limit for β is due
to that the best-fit value of β lies in the range where the Ricci scalar R is insensitive
to the value of β, which also indicates that the background dynamics in the ΛCDM and
exponential f(R) models are nearly indistinguishable. To break this degeneracy, one may
pin the hope on testing the evolution of perturbations in these models [14].
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